This article was downloaded by:

On: 28 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

oy wo | Physics and Chemistry of Liquids
P hySiCS and Publication details, including instructions for authors and subscription information:
Chemistry of Liquids http://www.informaworld.com/smpp/title~content=t713646857

AN INTERNATIONAL JOUARNAL

Liquid Direct Correlation Function, Singlet Densities and the Theory of

Freezing

N. H. March?®; M. P. Tosi®

@ Theoretical Chemistry Department, University of Oxford, Oxford, England ® GNSM-CNR, Istituto di
Fisica Teorica dell'Universita, Trieste, Italy

- Norman H. March

’ - EmeriLas Protesios, Owfond Unbeersite UK
M,

Gluseppe 6.
{Co-Erfier] Uriversits o Catania, (starcs, Jlsly

To cite this Article March, N. H. and Tosi, M. P.(1981) 'Liquid Direct Correlation Function, Singlet Densities and the
Theory of Freezing', Physics and Chemistry of Liquids, 11: 2, 129 — 133

To link to this Article: DOI: 10.1080/00319108108079104
URL: http://dx.doi.org/10.1080/00319108108079104

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://ww.informaworld. confterns-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |oan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, formul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713646857
http://dx.doi.org/10.1080/00319108108079104
http://www.informaworld.com/terms-and-conditions-of-access.pdf

08:51 28 January 2011

Downl oaded At:

Phys. Chem. Lig., 1981, Vol. 11, pp. 129-134
0031-9104/81/1102-0129%06.50/0

© 1981 Gordon and Breach Science Publishers, Inc.
Printed in the U.S.A.

Liquid Direct Correlation Function,
Singlet Densities and the Theory of
Freezing

N. H. MARCH and M. P. TOSIT

Theoretical Chemistry Department, University of Oxford, 1 South Parks Road,
Oxford OX1 3TG, England.

(Received Februaryl9, 1981)

We have examined the solutions for the singlet density p(r) in the hierarchical equation connect-
ing p(r) with the liquid direct correlation function c(r). In addition to the homogencous solution
P(r) = Pliquia- we exhibit a periodic solution which can coexist with the liquid solution. If the
defining equation for this is linearized, we recover the bifurcation condition of Lovett and Buff,
We stress the difference between the two treatments as that betweeen first- and second-order
transitions.

It turns out that the treatment presented here leads to the same periodic density as that
derived, using the hypernetted chain approximation, by Ramakrishnan and Yussouff in their
theory of freezing. Invoking that approximation is shown thereby to be inessential.

1 INTRODUCTION

Lovett and Buff' have recently revived interest in the question as to whether
classical statistical mechanical equations, such as the first member of the
Born-Green-Yvon hierarchy which connects the singlet density p(r) and
the liquid pair correlation function g(r), can admit more than one solution
for p for a given g. Actually, these workers focused on the equation relating
p and the Ornstein-Zernike direct correlation function ¢(r) of a liquid. This
latter equation has been derived by a number of workers®* and has the
advantage over the equation relating g(r) and p(r) that no assumption of
pairwise interactions need be invoked.

1 Permanent Address: GNSM-CNR, Istituto di Fisica Teorica dell’'Universita, Trieste,
Italy.
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130 N. H. MARCH AND M. P. TOSI

This equation relating p(r) and ¢(r), namely

In p(xy) = fdrz c(ry2)p(r;) + constant (1.1)

is the central tool employed in the present work. The integrated form (1.1)
has been discussed, for example, by Lovett.* We shall demonstrate below,
by direct solution of this equation, that for a given liquid direct correlation
function, Eq. (1.1) admits not only a solution for which the singlet density
is uniform, with value p(r) = p,, but also a co-existing periodic solution
p,(r). If we then linearize our equation determining p,(r), we regain the
bifurcation condition of Lovett and Buff.!

We then go on to set up the free energy difference corresponding to the
two types of singlet density. Somewhat surprisingly, by using the equation
for p,(r) in this free energy, we find a result obtained earlier in a theory of
freezing by Ramakrishnan and Yussouff,> which was derived by making
use of the hypernetted chain approximation. The present work thereby
shows that this approximation is inessential in their theory of freezing.

2 FREE ENERGY DIFFERENCE BETWEEN HOMOGENEOUS
AND PERIODIC PHASES

Evidently there is for a given liquid direct correlation function ¢(r) a solution
of Eq. (1.1) for which p(r) is constant with a value p, say. What is more
important for our present purposes is to prove that a periodic solution
p,(r) for the singlet density, for a given liquid c(r), also exists.

To do this, we apply Eq. (1.1) to both the singlet densities p; and p(r)
and then subtract to find

m(%) — [drsclin, = raDloyte) = pd= 0 @1

where it is assumed that the constants in Eq. (1.1) are equal for the two phases
in coexistence. Since, by assertion, p, is periodic, we expand in a Fourier
series using the reciprocal lattice vectors G to obtain
por) = po + V™1 ) pg exp(iG -r) 22)
G#0

where V is the total volume. Inserting Eq. (2.2) into (2.1) and integrating over
r, yields

1n<" P(’)) = Po = P) sy 4 (0¥)t T peHG) exp(G 1) (2.3)
Pi P G#0
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where é(k) is the Fourier transform of ¢(r). This Eq. (2.3) is, for a given set of
Fourier components of the liquid direct correlation function, to be solved for
the Fourier components pg of the singlet density.

Without seeking a specific solution of Eq. (2.3), a matter which we shall
refer to again below, it will be useful at this point to regard Eq. (2.1) as the
Euler equation of a minimum free energy principle. Of course, the thermo-
dynamic requirement for the two phases to be in equilibrium is that this free
energy difference shall be zero. Actually, we shall work with the thermo-
dynamic potential Q, related to the Helmholtz free energy F and chemical
potential u by

Q=F— Nu (24)

The Helmholtz free energy can be conveniently divided into two parts, one
corresponding to free particles and the other taking account of the inter-
particle interactions via the direct correlation function c¢(r). The first part
is well known for uniform density® and we merely take the free energy
density over into the local density p(r). The second part is also available in
essence, for example in Ref. 2, and thus we can write

AQ
T = fdr[pp(r) ln(p;(lr)) = (py(r) — Pl)]

-2 j dt, deylp(r) — pleirs — ED[0,(6) — i) (2.5)

Performing the variation of AQ with respect to p,(r) is readily verified to lead
back to Eq. (2.1).

At this stage, we insert the Fourier expansions (2.2) and (2.3) into (2.5)
to find, with N = p,V,

AQ 1 o, 2 Nlpo=p) | Lameen (P8 — D)

o7 = 3N & E@pelt - =L NGO SRS 26)
This is the desired expression for the free energy difference in terms of the
Fourier components p¢ of the periodic density, and the volume change
reflected in the difference between p; and p,.

The possibility of coexistence of homogeneous liquid and periodic phases
is clear from Eq. (2.6) because of the balance between positive contributions
from the first and third terms on the right-hand-side and the negative term
from the volume change, provided the periodic phase has the higher density.
That these terms are strongly coupled is clear from the highly non-linear
nature of the Euler equation (2.3). The actual coexistence point is evidently
determined by the properties of ¢(G), including G = 0, linking the liquid
structure intimately with the appearance of the periodic phase.
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3 DISCUSSION AND SUMMARY

The above discussion of Egs. (2.6) and (2.3) has, of course, been focussed
on what is, in principle, possible from the structure of these two equations.
It is remarkable that the work of Ramakrishnan and Yussouff® using as it
does the hypernetted chain (HNC) approximation nevertheless leads to the
same Fuler Eq. (2.3). Our work, based directly on Eq. (2.1), shows clearly
that this use of HNC is inessential to their theory of freezing. However, a
significant difference between their treatment and ours resides in the varia-
tional principle from which the Euler equation derives. Our basic variation
is of AQ in Eq. (2.5). Their variation is on an equation resembling, but not
identical to, Eq. (2.6). This latter equation, in our treatment, already em-
bodies the result for the periodic density determined by the non-linear
Euler Eq. (2.3). The specific difference between our Eq. (2.6) and their form
for AQ is that they have an additional term of order (p, — p;) giving their
result as

AQ 1 i — p?

o = 3 DO lpal = INTL 2] o e
This form is appealing because [1 — ¢(0)] is essentially the inverse com-
pressibility of the liquid. Their work?® in fact shows how an explicit periodic
solution, for a given liquid direct correlation function ¢(r), can be derived
from Eq. (2.3).

Our final comment concerns the relation of the non-linear Eq. (2.3) to the
work of Lovett and Buff’** on bifurcation. Whereas the above treatment is
evidently describing a first-order transition, with a volume change and
finite Fourier components p¢ actually at the freezing point, their work
explores the condition under which the pg develop continuously from the
homogeneous phase. The procedure they use corresponds to linearizing
Eq. (2.3) which then has a solution of periodic form provided the condition
(1 — p;é(G)) = 0 is satisfied. This corresponds in fact to the structure
factor S(G) = 1/(1 — p,¢(G)) becoming infinite. This is an instability of the
liquid phase.
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Note added in proof

Since our work was completed, the closely related investigation of Haymet
and Oxtoby (J. Chem. Phys., 74, 2559, 1981) has appeared.
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